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Abstract 

The N = 1, d = 4 superconformal group is studied and its representations are 
discussed. Under superconformal transformations, left invariant derivatives and some 
class of superfields, including supercurrents, are shown to follow these representations. 
In other words, these superfields are quasi-primary by analogy with two dimensional 
conformal field theory. Based on these results, we find the general forms of the 
two-point and the three-point correlation functions of the quasi-primary superfields 
in a group theoretical way. In particular, we show that the two-point function of 
the supercurrent is unique up to a constant and the general form of the three-point 
function of the supercurrent has two free parameters. 
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1 Introduction 



Four dimensional conformal field theories, CFT4 are of special physical interest for the stan- 
dard relativistic quantum field theories. Quantum field theories at renormalization group 
fixed points are expected to be conformally invariant. N = 4 super Yang-Mills theory in 
four dimensions was shown to be super conformally invariant since its /3-function vanishes, 
and the /3-function is proportional to the trace anomaly 0-^. A few other four dimen- 
sional supersymmetric conformal field theories, SCFT4 have been known as well - certain 



N = 1 supersymmetric theory flffl, N = 2 SU{2) QCD [g,|] and some N = 2 models JT0 
In particular a number of studies on SCFT 4 |lT],|12[ have been done with regard to the 
electro-magnetic duality |TB[ where the duality is realized as infrared fixed points of or- 
dinary supersymmetric theories. Further work has been done on correlation functions of 
superfields IjUj-pTfPl and operator product expansions in SCFT 4 pB^Po] based on the super- 



conformal Ward identities, where the infinitesimal superconformal transformation rules for 
superfields play a crucial role. In this paper, we approach the problem in a group theoreti- 
cal way, investigating not just infinitesimal superconformal symmetry generators but finite 
transformations. This method enables us to deal with non-scalar superfields in a compact 
way and so turns out to be useful to prove the uniqueness of the correlation functions and 
get results in closed forms. Our method can be found in some works on ordinary conformal 
field theory but has not, to our knowledge, been applied in superconformal field theory. 
The organization of this paper is the following: In section 2, starting from the definition 
of superconformal group, we study the sufficient and necessary conditions for a supercoor- 
dinate transformation to be superconformal. We then derive all the superconformal group 
generators from an infinitesimal version of these conditions, namely the fundamental ele- 
ments of superconformal group. They are known as supertranslations, superdilations, super 
Lorentz transformations and superinversion. We find 4 x 4, 2 x 2 matrix representations of 
superconformal group and show that they give the transformation rules for the left invariant 
derivatives and for a certain class of superfields, in particular the chiral/anti-chiral super- 
fields and the supercurrents in Wess-Zumino model and also in vector superfield theory. In 
other words, these superfields are quasi-primary by analogy with two dimensional conformal 
field theory. In section 3, based on these results, we study the general forms of correlation 
functions of superfields, which follow the representations above under superconformal trans- 
formations and so give the superconformal invariance property to the correlation functions. 
In particular, we show that the two-point function of the supercurrent is unique up to a 
constant and the general form of the three-point function of the supercurrent has two free 



1 I am informed by Prof. P. West that an analysis of a superconformal Killing equations was also under- 
taken by B. Conlong [M and that this will be discussed further in [23]. 
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parameters. The work presented here is an extension of some results in ordinary conformal 
field theory |27],|28| to superconformal field theory. Throughout the paper we assume the 



real Minkowski spacetime, and so the real N — 1 superconformal group, SU(2, 2|1) rather 
than the complex superconformal group, SX(4|1; C). The latter case was discussed in detail 
in |p9| . Nevertheless such a distinction is not relevant to our main result. 



(2-1) 



2 Superconformal Symmetry in Four-dimensions 
2.1 Superconformal Group 

Following the notations of Wess & Bagger [[Kj , the N = 1 supersymmetry algebra is 

[P, , Pu] = K , Qa] = [P, Qa) = {Qa , Qp) = {Qa , Q f}} = 

{Qa j Qa} = ^^adP/J- 

The element of super group is given as 

g( z ) = ji-^P.+e-Qo+Qj*) (2.2) 

where z A = a , a are supercoordinates with the restriction 

a = (r) 1 " (2.3) 

a and at indices are raised or lowered by the antisymmetric 2x2 matrix e, = e 21 = 1, 
thus Q a = e af3 Qp etc. The supersymmetric interval, x i2 between z\ and z 2 is defined by 
9{ z vz) = g~ 1 (z2)g(z\) and so has the form 

^12 = %i — %2 — i0i<J02 + %Qi(tQ\ 

(2.4) 

#12 = 01 — 02 012 = 01 — 02 

Left invariant derivatives D a , D a are 

D a = d Q + i¥d aa = 8- ~D a = -B a - i0 a d aa = -Bf (2.5) 

where d aa = o^Jd^ and the superscripts, ±, in the partial differential operators mean that 
x± = x ± i0a0 are taken to be fixed. 

Infinitesimal supersymmetric interval, w is defined from eq. Q2.4Q as z\ goes to z 2 



w = dx + i0ad0 - id0o0 (2.6) 
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Superconformal group is the subgroup of supercoordinate transformations, g : z —>■ z' that 
preserve the infinitesimal supersymmetric interval length, w 2 up to a local scale factor 

g: z^z' w 2 -»• w' 2 = Q 2 (g;z)w 2 (2.7) 

where Q(g; z) is a local scale factor. 

We consider continuous superconformal transformations as superconformal transformations 
which satisfy 

det (™) + det (^) ? (2.8) 

By the restriction 9' a = {9 ,a y , one of these two inequalities implies the other. Later we 
will see that this condition is preserved under the successive continuous superconformal 
transformations so that they form a group, namely continuous superconformal group. - It 
will be shown that (jgf^j is a representation of the continuous superconformal group. 
Now we are at the position to state that for a supercoordinate transformation, g : z — * z' 
which satisfies eq.( |2.8| ), the necessary and sufficient conditions for g to be a (continuous) 
superconformal transformation arej 2 ] 



(2.9) 



x',(x + ,9), 9'(x + ,9) functions of x + and 9 only 

x'_(x_, 9), 9'(x-., 9) functions of x_ and 9 only 

with the reality condition 

x' + (x+, 9) - x'_(x-, 9) = 2i9'(x+, 9)a9\x^, 9) (2.10) 

This reality condition should be satisfied by the definition of x'±. 
proof 

Generally under supercoordinate transformation, g : z — > z' , w M transforms to 

w m _^ w 'm = A ^ g . z ^ + B^ a (g; z)d9 a + B£(g; z)d9 h (2.11) 

where 

A» u (g; z) = P^- 2i^9' = ^- + 2i9'a^ (2.12) 
uK ' dx v dx u dx v dx v v ; 



2 In section 2.9 of the book by I. Buchbinder & S. Kuzenko they take these conditions as the 
definition of N = 1 superconformal transformation and then show that the infinitesimal supersymmetric 
interval length, w 2 is preserved under such a transformation. 
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B£(g; z) = d~x'^ - 2i9'a^d~9' 

B»(g; z) = -dtx% + 2i^0W = (B£(g; *))t 
From the definition of superconformal group we require 

A^VxpA^ oc rip, 
B£B^ = B&Brf = A^ v B m = A^B^ = B£B^ = 
Simple application of chain rule leads to 

da%_ ... d9 a „„ d9 d 



dx' + x v dx' + x a dx' + x a 
This makes eq. (|2.14j) simple. With matrix notation 

A t {g\z)r]A{g]z) = tt 2 (g;z)ri 



B£ = B? = 



From d%B^ + d^B^ = we get 



(2.13) 



(2.14) 



+ ^7T^ + 7wT S S = n (2.15) 



(2.16) 



d+e'^dfe'^ + dfe'^d+e'^ = o (2.17) 

By the assumption, det (J^-) ^ 0, we can multiply (j^jp\ to eq. ( |2.17| ) to get 

die'^l + d + p 9"<5t = Q (2.18) 

Putting a = $ = 7 gives 

«9+# //3 = (2.19) 

This and 5^ = imply that x' + and 9' are functions of x + and only. Similarly one can 
show that x'_ and 9' are functions of x_ and only. Thus these are necessary conditions for g 
to be superconformal. Now we need to show that these actually imply A t (g; z)r]A(g; z) oc r\. 
Acting d%d~ to the reality condition ( P-lOj ) gives 

d a ax' - 2id adt 9'a9' = d~9 'ad+9' (2.20) 
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and so 

A \ = -ffi a d-9'a^dp' (2.21) 

A\ VXp A»„ = la^d-e'W^e^dp^ (2.22) 
where = e Q/3 e d/ V^. However from d'^d^ + dp^d'e^ = we get 

d-O'Wp'^ = le a pd-«e'W^ d%%d^ = \e, a dfd'.d^ (2.23) 
Using <Jaa®u a — ~ 25^, we finally have 

K^p AP u = \{d- s 6'Wi6' 1 dfe'.d+^)r 1 , u oc Vfiu (2.24) 
This completes our proof. 

There is another type of superconformal transformation, which satisfies 

det (^f) + det {$£) ± (2.25) 

The necessary and sufficient conditions for such a supercoordinate transformation, g to be 
a superconformal transformation are 



x' + (x-,0), 0'(x-,0) functions of x_ and only 
x'_(x + , 0), 0'(x + ,0) functions of x + and only 



(2.26) 



with the reality condition 

x' + (x-, 0) - x'_(x+, 0) = 2i0'(x-, 0)a0'(x+, 0) (2.27) 

We will call this type of superconformal transformation "superinversion-type transforma- 
tion". 

Infinitesimal, therefore continuous, superconformal transformation, g : z — > z' ~ z + 5z 
satisfies the infinitesimal reality condition 

h(x, 0, 0) = v(x+, 0) - 2i\(x + , 0)a0 = v(x-, 0) + 2i0a\(x-, 0) = h\x, 0, 0) (2.28) 

where 

5x + = v(x + , 0), 50 = \(x + , 0) functions of x + and only 

(2.29) 

5x^ = v(x-, 0) , 50 — A(x_, 0) functions of x_ and only 



Acting a* a {d-,d£} = -Aid^ to eq.(ggg) leads to 

d^K + d»K = (D a X a - D^) 77^ = \d-h V(iV (2.30) 
Acting 8£ to this gives 

5 M (Aa-^)a + d u (Xa^)a = \d p (Xa p ) 6l r] IJ , v (2.31) 

and so 

dpV v + <9^ = \{d ■ v)r]^ v (2.32) 
Hence h, v, X should be at most quadratic in x, and so we can put 

v»(x+, 9) = v"(0) + w^ u (9)x u + + d(0)x1 + (6%x 2 + - 2x^x +v )v u (9) 

(2.33) 

X a (x + , 9) = X a (9) + X«(9)x1 + X« u (9)(r)^x 2 + - 1x%x\) 

After substituting these expressions into the infinitesimal reality condition ( |2.28| ) and then 
by imposing the reality condition on the second, first and zeroth order terms in x successively 
we can derive the following most general solution of the infinitesimal reality condition, 
all the generators of continuous superconformal transformations, after a bit long tedious 
calculation. 

v»{x + , 9) = a" + 2i6a^ + w» v x\ + Xx% - 29a f *(x + ■ cr)C + ^x\ - 2x%b ■ x+ (2.34) 

X a (x + , 0) = £ a + |(A + iT )° a + i^iea + 26 2 C a - i(£x + ■ a) a + (Ob ■ ax + ■ a) a (2.35) 

where 9 2 = 9 a 9 a , 9 2 = 9j°, ( = e(, etc. By integration one can get the following finite 
superconformal transformations. 

1. Supertranslations, z © z 

x' = y + x-i£,a9 + i9a£ 9' = £ + 9 9' = £ + 9 (2.36) 
where z — y,£, £. One can check g(z)g(z) = g(z © z). 

2. Super Lorentz transformations, L[w : z) 

x' = e w x 0> = O e i^^ Q> = e -^^Q (2.37) 
where (w)^ = w^ u , = -w UfM . 
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3. Superdilations, d(X : z) 

x > = \\\ x Q< = \\e 6' = \i6 (2.38) 

where A^ is an arbitrary complex number and A = A^. 

4. Superinversion, i(z) 

Superinversion, i(z), a super inversion-type transformation as the name indicates, is 
defined as |31| 

zi = ^ & = -l^-± e> = l X -±^± (2.39) 



± ~2 u - " „2 u _ " „2 

2 , q2q2\-1 „„j „,/ _ ^/U i 



This definition implies Vt{i; z) = (x + 6 2 6 2 ) 1 and x' = x/(x + 6 2 6 
Special superconformal transformation is defined by %{z © i(z)) 

, x + + b-X 2 + + 2(ax + ■ 56 

X+ ~ 1 + 2x + ■ bl + x\b 2 _ + 4(b_ • ax + ■ 56 - 4(6 - 8( 2 6 2 

6 - 6x + ■ ob_ ■ 5 + 4(6 2 - i(x + ■ 5 - i(b^ ■ 5x\ + 4i6x + ■ a(( 



(2.40) 



6' 



1 + 2x + ■ 6_ + x\b 2 _ + 4(b_ ■ ax + ■ 56 - 4(6 - 8( 2 6 2 



where z = b,(,(- Infinitesimally this definition coincides with eqs.( |2.34| , |2.35| ). 
It is now clear that continuous superconformal transformations and superinversion-type 
transformations are one to one mapped by superinversion. From now on we will call 
{©, L, d, i} the fundamental elements of superconformal group - in the sense that any su- 
perconformal transformation can be generated by combining them. 

2.2 Superconformal Group Representation 

Under the successive superconformal transformations, g' o g : z — ^ z' z" 

using x + — X- = 2i6o6 and chain rule, one can show that if both g' and g are continuous 

superconformal transformations 

d-6" a d-d" 5 _ d-6" a d + 6"« d+6'P _ d+6" h , 2 ^ 

d6'P 86^ ~ 86^ ' ffl'P dlfi ~ W> 
if g', g are continuous superconformal and superinversion-type transformations respectively 

d+6"«d-6'P d-6"« d-6" a d + 6'P d + 6" a 



d6'P d6 a ~ d6 a ' dd'P 86* dd & 



(2.42) 



if g', g are superinversion-type and continuous superconformal transformations respectively 



d6' & 89? ' 89? ' 89 ,a 89? " 89? 
if both g' and g are superinversion-type transformations 

Q+Qlla Q-Qlo. ^ Q-QMa q-q,,& Q+ffa ^ Q+Q/ta 

89>« 89? ~ 89? ' 89 la 89? ~ 89? 
for any superconformal transformation g' and g 

A» u (g';z')A» p (g;z)=A» p (g'og;z) 

Thus the followings are representations of superconformal group. 



(2.43) 



(2.44) 



(2.45) 



• For continuous superconformal transformations 

A(g;z) 



89 



For superinversion-type transformations 

A(g;z) 



8-9' 



8+9' 

~w 

8+9' 



(2.46) 



(2.47) 



These are compactified representations of superconformal group from 6x6 fundamental 
representation to 4 x 4 or 2 x 2. A^ v (g\z) is the superconformal representation for the 
infinitesimal supersymmetric interval w M 

= A» v (g; z)W (2.48) 

and ^ojj-, ^T, %jf~ are the superconformal representations for the left invariant deriva- 
tives D a = 8-,T>a = -8+ 



D r 



D a = 



d-9'P 1 
89 a 13 



8 + 9'? , 
8-*V 



for continuous superconformal transformation (2.49) 



D r 



89 c 

8 + 9' a , 



89* 



> for superinversion-type transformation 



(2.50) 
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One can also get 

d9' a , 

For the fundamental elements of superconformal group we have 



d, = A^(g; z)$ v + ^D' a - ^D'. (2.51) 



1. Supertranslations 



2. Super Lorentz transformations 

A* = (e w Y — — — = fe^^^i* — — = ( e -j«''"'*M<M« (2.53) 



3. Superdilations 



4. Superinversion 



1 /r 2 — # 2 # 2 r M r (9rr A # 

- x 2 + e 2 e 2 \x 2 + e 2 e 2 v x 2 + 9 2 e 2 uXk x 2 



= —1 s = % 



d9 a " xl d6« x 2 



(2.55) 



From the property of superdeterminant one can show that for continuous superconformal 
transformation 

sdet ( J| £ ) = sdet ( o A ) Sh = ly sdet c 



8x'_ QQI 



de 

(2.56) 

A \ shortly ■ 



sdet I d % = sdet ^ ^ ) = y sdet c 



96> de 



de 
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for superinversion-type transformation 



sdet 



sdet 



dx'_ 


ae' 


dx 


dx 


d+x'_ 


a+S' 


ae 


ae 


dx' + 


ae' 


dx 


dx 


a~x' + 


a~e' 



sdet 



sdet 



A 


A 




for any superconformal transformation 



sdet = (sdet) 1 



ae 



a+8' 
ae 



shortly 



shortly 



sdet,- 



sdet,- 



(2.57) 



(2.58) 



The following formulae can be verified for each fundamental element of superconformal 
group by direct calculation and from the fact that A^ v , 9 ^ , ^p- are representations of 
superconformal group, they can be generalized to any superconformal transformation. 



• For continuous superconformal transformation 

A t (g; z)r)A(g; z) = (sdet c sdet c )^ del A = (sdet c sdet c )s 



(2.59) 



d-e'^d-6' 5 (sdet c sdet c )§ , (drff\ (sdet c sdet c )l , n 

= sdet c e «* d6t VW) = sdet c (2 - 60) 



d+e^d+6' 6 (sdet c sdet c )3 d + 9'\ (sdet c sdet c ) a 

~Wr^W^ = TtT^ det = idet c (2 - 61) 



QQa /J/9 QQa 

• For superinversion-type transformation 



= (2-62) 



A* (g; z)r]A(g; z) = (sdetisdeti) ai] det A = — (sdet^sdet,) 3 (2.63) 



Q-QI& d - d >$ (sdet^sdeti)! 



dd a e ^ d6P 



sdet,- 



~a/3 



det 



'd-e r 
de 



(sdetjsdetj)3 
sdet,- 



(2.64) 
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d + e 'a d+e ,i3 (sdetisdeti)3 , d+6'\ (sdet;sdet;)3 



89- ^~dW = Sl ^ d6t {-W ) = itT~ (2 ' 65) 

d ^^ = ^MzK aa (2.66) 

We identify the local scale factor 



n(g;z) = (det A(g; z))* = (sdetsdet)e (2.67) 

We define a local Lorentz transformation, lZ(g; z) for any superconformal transformation, 
9 by 

W v {g\ z) = Q'^g; z)A» u (g; z) TVrfR, = v (2.68) 

Surely lZ(g; z) is also a representation of superconformal group. Specially for superinversion 
we denote 

™ - *) = - 2-^~ + (2.69, 

This expression will be frequently recalled later. It is worth to note I(i(z)) = I~ x {z) = 
I(-z). 



3 Superconformal Transformation Rules for Superfields 

In this section we study the superconformal transformation rules for the chiral/anti-chiral 
superfields and the supercurrents in Wess-Zumino model and vector superfield theory re- 
spectively. 

3.1 In Wess-Zumino Model 

In Wess-Zumino model 

- |J Jd 4 x + d 2 6 $D 2 $ = / d 4 x (d^d^ + 21^8$) (3.1) 

chiral superfield 

9) = <f>(x+) + 26 a i) a {x + ) + 6 2 F{x+) (3.2) 

and anti-chiral superfield, $ = & transform under superconformal transformation g : z — > 

z', as 
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for continuous superconformal transformation 

&(x+,9) -> sdett$(x' 9') 



(3.3) 



-> sdet c 3 $(x'_,0') 
for superinversion-type transformation 

$(z + ,0) -> sdetf$(a/_,fl') 



(3.4) 



$(x_,0) -> sdet?$(x' 0') 



These transformations ensure that every component field transforms properly |32|, 33] so 
that the Lagrangian, d^tfid^cj) + 2itfja fi d fJ ,ip transforms as a scalar density with weight 1 and 
so the action does not change. This gives the superconformal invariance of the correlation 
functions. One can easily check this for each element of superconformal group and from 
the fact that superdeterminant is a representation of superconformal group, they hold for 
any superconformal transformation. 



The supercurrent, J Q(i , in Wess-Zumino model is 34 



J a6l = D a &Da& + 2l<$>daa® (3.5) 

Equations of motion D $ = 0, Z) 2 $ = make the supercurrent conserved 

D a J aA = (3.6) 

Correlation functions of the supercurrent also satisfy the conservation equation. The typical 
term of a correlation function, (• • • J a a ■ ■ ■ A ■ ■ ■ B ■ ■ ■) is 

D a ($A)D & ($B) + 2i(-l)* A {$A) daa @B) (3.7) 

where ^A is +1 for bosonic A and —1 for fermionic A. With chirality, D^i^A) = and 
the equation of motion, D 2 (§A) = 0, one can show that eq. ( p.7| ) satisfies the conservation 
equation. 

The power one third appearing in eqs.( |3.3| , |3~4"D enables us to add a superpotential term, 
(7$ 3 , to the super Lagrangian still maintaining the superconformal symmetry to get an 
interacting superconformal field theory, but the supercurrent is not conserved any more. 

D a J a6l oc g<§ 2 Da& (3.8) 
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The only non-vanishing two-point correlation function of chiral/anti-chiral massless free 
superfields is 

(*(x 1+ , W* 2 _, h)) = ° 9 . fl = t ° _ x2 (3.9) 

(x 1+ - x 2 _ - 2z0i<70 2 ) 2 + ldl2 ae l2 ) 

where c = — Under superconformal transformation the chiral superfield transforms 
as *&(z) — > &(z') or $(2;') up to a scale factor, hence eq. (|3.9| ) implies that the infinitesimal 
interval length, w 2 is invariant up to a scale factor under superconformal transformation. Of 
course, this is consistent with the definition of superconformal group (|2.7|) . Superconformal 
symmetry of the two-point correlation function gives 

1 1 

x'i2± — sdet^sdet^ x\ 2 ± for continuous superconformal transformation 

(3.10) 

1 1 

x i2± = sdet-\sdetj 3 2 x\ 2T for superinversion-type transformation 
Multiplying x\ 2+ and x\ 2 _ gives 

+ ^'il = nCy; z 1 Mg; z 2 ) (x\ 2 + 6 2 l2 6 2 l2 ) (3.11) 



Using the superconformal transformation rules for the chiral/anti-chiral superfield and the 
left invariant derivatives one can show that the supercurrent in Wess-Zumino model trans- 
forms under continuous superconformal transformation as 

(3.12) 



where s = sdetc , s = sdet 3 , and under superinversion-type transformation 

Jaa(z) -> -88 %*? J^{z') + (D a sD & 8 + 2isd a& s)&& 

(3-13) 

-(D a s^ - 2isd a J'P)s<$>'D'^' + (D 6 s^ + 2isd a J>P)s&D'p$' 
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where s = sdetf , s = sdet? . However one can also checkQ that for each fundamental element 
of superconformal group except super inversion 



D a s^- - 2isd a J'^ = D a s^ + 2isd aa 9'? = 



(3.14) 



D a sD a s + 2isdaaS = 

and for superinversion 

D a s^f- - 2isd a& 9'P = + 2isd a J'P = 

(3.15) 

D a sD a s + 2isdaaS = 

This gives the following superconformal transformation rule for the supercurrent in Wess- 
Zumino modelQ 

J"(z) - ± g n 3 (g; z)Tr x \{g- z)J v (z') (3.16) 
where J 7 ' = — ^a^ aa J aa , J aa = n^aad^ and 

J +1 for continuous g , , 

9 1 — 1 for superinversion- type g 

3.2 In Vector Superfield Theory 

In vector superfield theory 

~lJd A x {J d 2 6 W a W a + J d 2 6 W a W A ) = J d 4 x Q-J^j^ + iXa^d^X) (3.18) 

where = dpV v — d^v^. Fermionic chiral superfield, W a 

W a (x + , 9) = -i\ a (x + ) + {D(x + )6% - \i(a^)£f^{x + )}6 p + 6 2 d aa \*(x+) (3.19) 

and anti-chiral superfield, W a = (W a )' transform under continuous superconformal trans- 
formation as 

u/ ( a\ sdetf <9~^ w , 



sdet; 



(3.20) 



W a (x. } 6)^ Sae YJ a W $ (x'_,6') 



sdetl 



3 In fact, considering the successive superconformal transformations one can show that eqs. 
hold for any continuous/superinversion-type transformation. 

4 This superconformal transformation rule is valid for any superconformal transformation, since 
± g Q 3 (g] z)7?. -1 ^ v(<?; z) is a representation of superconformal group. 
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and under superinversion-type transformation 

2 _ 

w a (x + ,g)-> _ , i JL w*w_,e>) 

sdetf d0 

(3.21) 

2 

sdetf °^ 

One can check that these transformations leave the action invariant. 
The supercurrent J a a in vector superfield theory is 

Jaa = W a W« (3.22) 

Equation of motion D a W a = makes the supercurrent conserved, D a J at ~ t = 0. The super- 
current transforms under superconformal transformation as 

-> ± g fi 3 ((7; z^^g; z) JV) (3.23) 



4 Superconformal Invariance of Correlation Function 

From the result of the previous section we have superconformal transformation rule for 
Konishi current, $(x+, #)$(x_, 6) 

0)¥(z_, 0) -> ft 2 (#; 6') (4.1) 

Keeping this and the superconformal transformation rule for the supercurrents ( |3.16| , |3~2"3"D 
in our mind, in this section we study the correlation functions of superfields in a group 
theoretical way. We write superfield as *& l (z) and assume that ^> l (z) transforms under 
superconformal transformation, g : z — *> z', asQ 

- fi% zjD^Tl- 1 ^ z))V{z') (4.2) 

where 77 is the scale dimension of the superfield and D l j(7l~ 1 (g; z)) is a representation for 
the local Lorentz transformation, Tt^^z) and so under the successive superconformal 

transformations, z — 2/ — > z" 

Z^- 1 ^))^ ^- 1 ^; z')) = o *)) (4.3) 

5 Here we focus on only real valued scale factor and exclude so called R-factor. 
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Correlation function has superconformal symmetry 
<^(zi)tt?(*a) •■■*£(*.)) 

= U n a=i W«(g; z a )D^ 3a (K-\ g] z a )) (^(z[)^ (z' 2 ) ■ ■ ■ 



(4.4) 



where the subscript, a of denotes the type of the superfield, i.e. scalar superfield, su- 
pervector field, etc. 



4.1 Two-point Correlation Function of General Superfields 

Here we will show that if two superfields have different scale dimensions then the two-point 
function of them vanishes, and if they belong to a same type and so the scale dimensions 
are equal then two-point function is of the following general form 

where z\i = —z 2 ®zi, t] is the scale dimension of the superfield and TC"^ is a constant matrix 
which satisfies the superconformal symmetric condition 

H ij = D\,(L)D 3 ),(L)H i,f (4.6) 

where L is an arbitrary Lorentz transformation. 
proof 

Without loss of generality, using the supertranslational invariance, we can put the two-point 
function as 

( 1 ( 2 ( 2>> & + ' ' 

For any superconformal transformation, g : z — > z', one may show (see appendix A for our 
derivation) 

TZ-\g; z 2 )I(z' 12 )n(g; Zl ) = I(z 12 ) (4.8) 

where z' 12 = —z' 2 ®z' 1 . By virtue of this relation and eq. (p.ll ), the superconformal invariance 
of the correlation function (|4.4| ) leads to 



V1-V2 
2 



H"( / (--\ 2 )) (^4) /;i,i^ / :: 2 ))/^,i^i // :: 2 ))//'M/i::,)) (4.9) 
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Let us consider a superconformal transformation, g : z — > z' defined by 

g(z) = 4 ®i{z®i(-z 2 ®z)) (4.10) 

where g(z 2 ) = z' 2 and z are arbitrary. This definition gives i{z' 12 ) = z © 2(212) an d from 
the explicit form of special superconformal transformation ( |2.40| ) one can easily check that 
TZ^ u (g; z 2 ) = 5^, Cl(g; z 2 ) = 1. On the other hand, we have 

m Zx ) = n(i; i(4,))n(i; z u ) = "f T f# (4-H) 

X 12 1 u 12°12 

Now we choose z = i(z a ) © —i(z 12 ) to get z£ 2 = z Q , where z a is arbitrary but fixed. Then 
eq.(fO|) becomes 

H ij (i(zi 2 )) = m - V2 (4.12) 

(xl 2 + ei 2 ei 2 )^ 



where TC 1 ^ = (x 2 + 9 2 9 2 ^) 2 H l: >(i(z )) is constant. Substituting this expression back into 
eq.(|4.9|) gives 

n^(g; z^Dl^TZig- z 2 ))Di r {TZ{g- z 2 ))U' 3 ' = W (4.13) 

If rji 7^ 1] 2 then for this equation to be true for any superconformal transformation, specially 
for superdilations, H' 1 ' 2 should vanish. This completes our proof. 

Specifically in the following, assuming that two superfields have the same scale dimension, 77, 
we study the two-point correlation functions of scalar superfields and supervector fields. 

4.1.1 Two-point Correlation Function of Scalar Superfield, S(z) 

Obviously it has trivial representation and so the two-point function has the following 
unique form 

(S(^)S(z 2 )) = 2 * (4.14) 
[X 12 -\- o l2 u l2 ) 

where c is constant. One example is Konishi current, S(z) = Q(x + ,9)<&(x_,9), 77 = 2 in 
the interacting Wess-Zumino model. In free model we get c = j^. 

4.1.2 Two-point Correlation Function of Supervector Field (Supercurrent), V^(z) 
We consider supervector fields, V^(z), of which the representation has the form 

D^n~\g- z)) = ± g K- l » v {g- z) (4.15) 
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and so V p (z) transforms under superconformal transformation as 

V(z) - ± g C3% z)TZ-K(g; z)V v {z') (4.16) 
Superconformal symmetric condition ( |4.6|) is 

Infinitesimally this becomes 

ff p n vX - rj^n^ + Tf x n pv - ri uX H m = o (4. is) 

Contracting with f] v \ gives 

W p + m pil = Tf p H v v = H pp + 3H PP (4.19) 

Hence r W ,v is proportional to rf" and so the two-point function of supervector field, V p, {z) 
with scale dimension, 77 has the following unique form 



{v * (z ™ = Wife (4 - 20) 



where c is constant. We confirmed this result by calculating the two-point functions of 
supercurrents in Wess-Zumino model and vector superfield theory respectively and checking 
them to coincide. We get c = 2| in Wess-Zumino model and c = in vector superfield 
theory. The conservation equation below is satisfied if and only if rj = 3. 

D a (z 1 )(V a& (z 1 )V gg (z 2 )} = (4.21) 



where V a6t = a^ a6l V p . 



4.2 Three-Point Correlation Function of General Superfields 

Here we will show that three-point function of superfields has the following general form 

<»,(*)»,(*)»,<*)> - ^ + e yw^ + ey^ HA3 + ey»i^ (4 ' 22) 

where 8 1 = 5(772 +T73 - 771), 5 2 = 5(^3 + Vi ~ V2), <$ 3 = 5(771 +772 - 773) and 

Z 3 = ~i(z23) © i(zi 3 ) (4.23) 
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Explicitly Z 3 = X 3 , B 3 , G 3 have the form 

x _ gl3 ^23 | , ^23^23+ " 0^13- " ^13 , #13^13+ " ^23- ' <^23 

o-»2 i /}2 /}2 , >-» 2 i /32 /Q2 ™ 2 ,-y»2 /-y» 2 ™ 2 

x 13 ~+~ p 13 p 13 x 23 "T ^23^23 x 23+ x 13- x 13+ x 23- 

r , .^23^23--^ .013^13- 
B 3 = l „ Z 5 

x 23- x 13- 



.X 13+ -cr0 13 .X2 3+ -ct6» 23 
B 3 = z ^ z 



3 6 o L n 

x 13+ X 23A 



TC^ k (z) is of the form 



(4.24) 



2n2 



9 2 9 



n i]k ( z ) = n\ jk (x) + re jk ^x)6a^e + HfV)^ (4.25) 

which satisfies 



x 2 



Hf{rLx) = D\^L)DUL)D k 3k/ (L)H^ k '(x) (4.26) 



'2j 



U^rLx) = ±J-D\ v (L)D{ r (L)D k kl (L)L^K' rk ' v (x) (4.27) 



where r, L are arbitrary real number & Lorentz transformation and ± L = detL/| detL|. 
proof 

Without loss of generality we can put 

D\,(r 1 (z 13 ))DiJr 1 (z 23 ))H i 'i' k (i(z 13 ),i(z2 3 )) 

With eq.( |4.8| ), superconformal invariance of the correlation function leads to 

tf^(i(4),i(4 3 )) = D\ t ,(n(g; z 3 ))Di 3l {n{g-z 3 ))D k kl {n{ g] z 3 ))H^' k ' { l {z l3 )^z 23 )) 

(4.29) 

We consider a superconformal transformation, g : z ^ z' defined by 

g(z) = z' z ®i(z®i(-z 3 ® z)) (4.30) 

where z' 3 = g(z 3 ), z are arbitrary, z © z(zi 3 ) = i(z[ 3 ) and W , v {g\z 3 ) = 8^ v imply the 
supertranslational invariance of H^ k (zi, z 2 ) 

H^ k (z ®z u z®z 2 ) = H ljk (z u z 2 ) (4.31) 
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Hence we can put 

H ijk (z 12 ) = H i ^ k (z 1 ,z 2 ) (4.32) 

which gives the general form of three-point correlation function ( |4.22j ). T-C l: > k (z) should 
satisfy the superconformal symmetric condition 



n ijk (Z' 3 ) = ^,(^;z3))^L(^;z 3 ))£' 3 fe fe ,(^^3))W i '^'(Z3 



(4.33) 



where g : z — > z' is an arbitrary superconformal transformation and Z 3 = —i{z' 23 ) © 
However (nicely enough) Z 3 = X 3 , G3, G3 transforms to Z' 3 = X 3 , 6 3 , B 3 in a simple form. 
For any superconformal transformation 



X^ = n-\g;z 3 )n^(g;z 3 )X., 
For continuous superconformal transformation 

sdeti /3 d-9 la 



6f 



idetf W 
For superinversion-type transformation 

sdet, 1/3 d+6' a 



U 3> 



e. 



sdetj 73 d+e ,A 



sdet 2/3 89? 



(4.34) 



(4.35) 



Z3 



e 3 Q 



sdetf 3 90* 







3 • 



sdet! /3 0-0'* 
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sdet? /3 dQ" 



©3 



(4.36) 



and so ©30^63 transforms like a pseudo vector at z 3 under superconformal transformation 

eXe; = ± g n-\g-, z 3 )w v { g - z 3 )e 3 ^e 3 (4.37) 

To verify these, we only need to check for the fundamental elements of superconformal 
group, since superdeterminant and ^g§-, ^J-, ^J-, are all representations of supercon- 
formal group. Supertranslations, superdilations and super Lorentz transformation cases are 
straightforward. For superinversion we consider a superconformal transformation, / : z — > 
z' defined by 

/(z)=i(-i(z 3 ))©*(*3 ©*(*)) (4-38) 
Z 3 and Z 3 are related by Z' 3 = —f(i(z 23 )) © f{i{z 23 © Z 3 )) and from eq. QA.4p we get 

x'_ • a = (z 3 © i(z))tcr^ x + • a x 3+ ■ o (4.39) 

iO'a = (i a (*3 © i(z)) - i a {z 3 ))x'_ ■ a a& (4.40) 
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Now direct calculation leads to 



2 2 

/(*) = i(-i(z 3 )) © ((xjj + ^/^K, i^fe- ■ <r) a , -i^(x3+ • ) (4.41) 

x 3- x 3+ 



which verifies eqs.( [4.34]j4.36] ) for superinversion. 

Invariance under superdilations restricts the power series expansion of 7i v (z) in 6,8 as 

n ijk (z) = n\ jk (x) + n ijk Hx)8aj + ni jk Cx)^- (aa2) 

X 2 

Therefore TC^ (z) is a function of x,8a8 (or x±) and the superconformal invariance of 
H ljk Q4.33j ) is equivalent to 

H ijk (rLx, ± L rL8a6) = 0^,(1)0^,(1)0^ k ,(L)Te' j ' k ' \x, dad) (4.43) 

where r and L are arbitrary real number and Lorentz transformation. This completes our 
proof. 

Our expression for the three-point function ( |4.22| ) is asymmetric in its treatment of super- 
fields. However if we define 

Zi = -i(z 31 ) © i(z 21 ) Z 2 = -i(z 12 ) © i(z 32 ) (AAA) 

then using eqs. (|A.3| , |A.4| , |A.5|) one can get 



XL = X jlff {I{^m)T,Xl ± = flff (I(z 23 )I(Z 2 )r u X^ ± (4.45) 

x 23 i ^23^23 x 13 ' ^lS^lS 



I-\z 31 )I(Z x )I(z 21 ) = I(z 23 ) 

I-\z 12 )I(Z 2 )I(z 32 ) = I(z 31 ) (4.46) 

I- 1 (z 23 )I(Z 3 )I(z 13 ) = I(z 12 ) 

Now by virtue of superconformal symmetry of 7i^ k one can recover a democratic way of 
treating superfields as 

= ^(/-i^))^^^))^^) (4.47) 
= I^(/- 1 W)^(J- 1 (^ B ))^*'(X 5a: ) 
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where 

r> k {x l± ) = D\ l ,(i(z 1 )D k 3kl (i(z l ))n^ k '(x l± ) 

(4.48) 

g^ k (x 2± ) = D\, tl (i(z 2 ))n^ k (i(z 2 )x 2T ) 

Specially for bosonic superfields belonging to a same type, there are additional conditions 
on Ti due to the invariance of Green function under permutations of superfields. 



• for 1 <-> 2 

H ljk (x, 9a9) = H jik (-x, 9o9) (4.49) 

• for 2 <-> 3 

D\,(I(z))H i,jk (x, 9a9) = H tkj (x, -I(z)9a9) (4.50) 

4.2.1 Three-point Correlation Function of Scalar Superfield, S(z) 
H(z) has the form 

H{z) = H^x) + H tI (x)9a ll 9 + n 2 {x) 6 -^- (4.51) 

Ob 



Superconformal invariance of 7i(z) is 



H a (rLx) = H a (x), W{rLx) = ± L -L^H"(x) (4.52) 

r 

where r, L are arbitrary real number and Lorentz transformation. This implies that 7ii(x), 
H 2 (x) are constant and Ti^{x) is linear in x^/x 2 , but under superinversion it should also 
change the sign, therefore r hL^{x) = and so three-point function of scalar superfield has 
the following general form 

, 4- , 

(S( Zl )S(z 2 )S(z 3 )) = ^ - - ehd { 3)v/2{xh + 9h9h)v/2 (4-53) 

q2q 2 

Although this expression looks asymmetric, one can show that — hr- is a symmetric quantity 

under permutations of z±, z 2 , z%. 

proof 

From 

x 12 - ■ cr = x 23 + ■ o-X 3+ ■ o-xi3_ • a (4.54) 
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we get 



hence 



Y 2 _ X 21+ 2 _ X 21 _ 

x 23+ x 31+ x 23- x 31- 



„2 | zi2 /}2 
_j_ = X 12 ~r p 12^12 

" ; ■ » :1 (x| 3 + «3)( x ii + M 1 ) 



(4.56) 



XI + 29263 = \{x\ 2 + 9 2 12 9 2 12 ) 2 ( , J , + 

3 3 3 2V ^ VI VI) \ X 12+ X 23+ X. J1+ X 12 - x 23- x 31- ' 

Combining these two shows 

~X2~ = 2( X 12 + #12#12)( x 23 + ^^X^Sl + ^Al) ( x{ 2+ x 2 23+ x'( 1+ + ^ 2 _^ 3 _x^_ ) ~ 1 

_ ^12^12 , ^23^23 , ^31^31 _ , ^12^12 ' Q~^12^23 x 23 - 0^23 
2 ' 1 ' 1 11 

x 12 x 23 x 31 x 12 x 23 

_ . 9 23 X 23 • q-^23^31 x 31 ' gjjgl _ , #31 x 31 ' ^31^12 x 12 ' 0^12 

2 2 2 2 

X 23 a:; 31 x 31 x 12 

(4.57) 

This completes our proof. 

For Konishi current, S^z) = 3>(x+, (9), 77 = 2, in massless free Wess-Zumino model, 

by direct calculation we confirmed this result with c\ = ci = -^5. 

4.2.2 Three-point Correlation Function of Supercurrent, V tx {z) 
H x ^(z) has the form 

H x ^{z) = H Xflv (x) + H Xl " VK (x)9aJ + U^ix)^- (4.58) 

X 2 



Superconformal invariance of H x ^(z) is 

H x r(rLx) = ± L L\,L^L^n x '^'(x) 

H x ^ K {rLx) = ] -L\ l L^,L v v ,L K Rl n x '^' v,K ' \x) 
23 



(4.59) 



and so the most general form of 7i x ^ u (z) is 



,x, K 



(x 2 ) 



, x x x fM x u 6x ■ a6 , x x x*Qa v B , x^x u 9a x 9 , x v x x Bo*B 
g h n-2 3 h % 1 1- ^4 1 — 

(a; 2 ) 2 (x 2 )2 (x 2 )2 (x 2 )2 

+ (hxY u + toa^Y* + h 7 x» V x n 9 -^- (4.60) 

(a? 2 ) 2 

+ C 2 £ K . 3 

(0T J 2 

which can be obtained in the following way: For each point in spacetime, x, by taking a 
Lorentz transformation and rescaling it properly, one can transform it to a unit vector. By 
considering the infinitesimal action of the little Lorentz group of it as eq.(4.59), which leaves 



the unit vector invariant, one can get the general forms of H£ Xfl , H kX ^ lu at the unit vector. 
Then transforming the unit vector back to the original vector, x, gives the general solutions 
of eq.( 4.59|) when L is continuous Lorentz transformation. To get the final form ( 4.60|) one 



only needs to impose the extra condition, invariance under superinversion, on them. 
For supervector fields belonging to a same type there are two additional restrictions 

H x ^(x, 0a6) = W lXu (-x, 6a6) 

(4.61) 

I K x (z)n XfiV {x,9a9) = -H K ^(x,-I{z)9a9) 
these two restrictions imply 

h 3 = h 4 h 2 + h 3 + 2h 8 + 2c x = 

h = he h 6 + h 7 + 2h 8 + 2c x = (4.62) 

h 9 = hxo h 9 = h 8 + 2ci 

Thus, there exist six independent parameters, including one for overall constant, in the 
three-point function of a supervector field. However, if the three-point function satisfies the 
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conservation equation 

= -^(V\ Zl )V»(z 2 )V»(z 3 )) (4.63) 

then one can show that the scale dimension, 77 should be 3 and the three-point function has 
the following general form with two free parameters, c, d 



(V x ( Zl )V p (z 2 )V»(z 3 )} = r,A '"> A 



x 13 + ^13 ^13) 3 ( x 23 + ^23 ^23) 3 

X (cJ Kpu (Z 3 ) + dJC Kpu (Z 3 )) 



[x ) [X ) 



(4.64) 



where 

Z 3 = -4(233) © i(*i3) (4.65) 



(4.66) 



0<7«0 



[X 



2\4 



{(x 2 ) 2 (7] pu r] pK + if»i] vp + r] pp r] UK ) 



+Ax 2 x p {x tl rf K + x 1 "?]^ + x R ri p,v ) 



(4.67) 



— 6x 2 (x p x l/ r] pK + x p x Kr q pv + x u x K T] pp ) — 12x p x v x p x K ) 

gK\,nv j g f our dimensional projection operator, which transforms any 4x4 matrix to 
traceless and symmetric one. Furthermore, eq.( [4.64| ) satisfies the "strong" conservation 
equation 

= D a {z 1 )(V a& {z 1 )V^{z 2 )V y y(z 3 )) (4.68) 

although one might guess that eq. Q4.63D is a weaker condition than eq. (|4.68|) due to the 
commutation relation {D a ,Da} = —2id a a- This result is demonstrated in appendix B. 



5 Summary & Discussion 

Supertranslations, superdilations, super Lorentz transformations and superinversion are all 
the fundamental elements of the N — 1 four dimensional superconformal group, in the 
sense that they generate all the superconformal transformations. There are 4x4 and 
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2x2 representations of superconformal group. Under superconformal transformations the 
left invariant derivatives and some class of superfields (chiral/anti-chiral superfields, super- 
currents in Wess-Zumino model and vector superfield theory) follow these representations 
without auxiliary terms appearing, and so they are quasi-primary Due to the supercon- 
formal symmetric property, the two-point correlation function of supercurrents is unique 
up to a overall constant and the general form of the three-point function of supercurrents 
has two free parameters. Even if the supercurrent is not conserved as in the interacting 
theories, the two-point function of supercurrents is unique. Readers may refer our result 
that two-point function of superfields with different scale dimensions vanishes and acting 
derivatives on superfields changes the scale dimension, although generally the descendent 
fields, differentiated quasi-primary fields, do not have transformation rules in close forms. 
On the other hand, we expect that the general form of the three-point correlation functions 
of supercurrents in the interacting theories may have at most six independent parameters, 
including an overall constant but this number can be reduced by considering the general 
forms of the correlation functions of supercurrent, J M and its divergence, <9 M J M . It would be 
of interest to get operator product expansions of superfields using our results. It is straight- 
forward to obtain the infinitesimal superconformal transformation rules for superfields and 
so Ward identities from our results using such as 5sdetM = 5strM. 
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Appendix 

A Superconformal Invariance of I(z) 



Here we derive eq.flO 



TZ-\g- z 2 )I(z' 12 )K(g; z x ) = I(z 12 ) (A.l) 

where z% 2 = —z 2 © Z\,z'\ 2 = —z' 2 © z[ and g : z — > z' is an arbitrary superconformal 

transformation. 

proof 
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It is straightforward to verify this for supertranslations, super Lorentz transformations and 
superdilations. Super inversion case is not simple as usual. Direct calculation using 



gives 



o^cr V = r]^a x - i] Xv o p - r] Xp a u + i^ Xvp o p 



x+ ■ a a" x_ ■ a = (x 2 + B 2 Q 2 )V i u {z)a u 

x- ■ a 5^ x+ ■ a = (x 2 + 6 2 e 2 )I- lp u (z)a u 
and under superinversion one can show 

X\ + ■ cr x' l2 _ ■ cr x 2 - ■ O = X\2+ ■ o 

x 2 + ■ o x' 12+ ■ a X\- ■ a = X12- ■ cr 
These two relations (|A.3 . A.4|) imply 

r 1 (z 2 )i(z' 12 )i(z 1 ) = i(z 12 ) 



(A.2) 



(A.3) 



(A.4) 



(A.5) 

Hence eq. ( |4.8| ) holds for each fundamental element of superconformal group and also under 
the successive superconformal transformations z — > z' z" this equation is preserved. 

K-\g' o g; z 2 )I{z'{ 2 )K{g' o g- Zl ) = I(z 12 ) (A.6) 

Thus, eq.( [A.l ) holds for any superconformal transformation. 



B Three-point Correlation Function of Supercurrent 

Here we show first that the three-point function of supervector fields satisfying the strong (su- 
perficially) conservation equation (|4.68|) has the form ( 4.64D and that the weak (superfi- 
cially) conservation equation (|4.63|) is actually equivalent to the strong one. 
Using eq.( |4.56 ) we write the three-point function as 



(B.1) 
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With V a a = (JuaaVt 1 and DJzA = DJz 13 ) = -i Xa t' 0a& D (Z 3 ), the "strong" conservation 

X 13- 

equation ( |4.68| ) is equivalent to 



0= D a (z 1 ) 



(x 13+ ■ (TCr M Xi3_ ■ a) a& W X (Z 3 ) 



{x{ 3+ x{ 3 _) 2 



;r 



x 



13 



2 \2 
13+ J 



3 ) 2 



(B.2) 



(^13+^13-) 



m uX (z 3 ) 



Multiplying (x 



' 2 (xf 3 _) 2 xi3_ ■ cr gives 



13H 



1^ 
X 13H 



2(3 - rj^^M" " ™ = ^ a D a (Z 3 ) 

(^3 +©3@ 3 ) 2 



(B.3) 



Left hand side is a function of Z13, Z 3 and right hand side is a function of Z 3 only. For this 
identity to hold always, both sides should vanish. Hence rj = 3 and 



Explicitly 



= <rt a {da + i{8<T p )*d p y 



m uX (z) 
x 2 + e 2 e 2 f/ 2 



(B.4) 



= cri a {da + i{8(T%d p ) 



\ 



[x 



2\2 



+ (kix fJl x u x x x K + k 2 x 2 x fl x u i] XK + k 3 x 2 x x (x fl i] UK + x v rf R ) 
+ k A x 2 x K (x^r] uX + x v rf x ) + k^x 2 x K x x rf v + k§{x 2 ) 2 rf v r} XK 

9aJ 



+ k 7 (x 2 ) 2 (r]^ K r] uX + r^V 



2\4 



+ (c 2 - |ci)e^ AK x, 



2/32 



X 



2\3 



(B.5) 
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where 

2ci = k 2 + k 3 + 2A; 7 2d = k 4 + k 5 + 2k 7 2ci = k 7 - k 6 (B.6) 
Eq. ( |B.5| ) has two sorts of terms, #-term and 2 #-term, both of which are required to be zero. 



For #-term. 

#-term is of the form (9a p a u ) a K pu (z) = 0. Using cr^a^ = —28^5? one can easily show 
that = a p a u K pv (z) is equivalent to 

= Ti(a K a x a^a u )K^(z) = 2{rf x rf v + 7] KU r] Xp - ^V" - ie^^K^z) (B.7) 

Hence we have 

= (rj^S^ + r] TK 5l - r) qK 6l - ie 5 ™,,) {-icie^ uXp ((x 2 ) 2 r] pfi - Ax 2 x p x K ) + k 1 x K x fl x u x x 
+ k 2 x 2 x Pj x u 5 x + k 3 x 2 x x (x Pj 8^ + x v 8£) + k 4 x 2 x K {x ,M rf x + x u rj^ x ) + k h x K x x if v x 2 
+ k 6 ri^ u 5 x (x 2 ) 2 + k 7 (r] uX 5 p + rj^K)} 

(B.8) 

Symmetric part for <r, r leads to 

= (kx + k 2 + 5k 3 + k 4 + k 5 )x u x x + (k 4 + h + hk 7 )rf x x 2 (B.9) 

and so 

h + k 2 + 5k 3 + k 4 + k 5 = k 4 + k 6 + 5k 7 = (B.10) 
By e ?T KAt e KMAz/ = 2{yf v i[f x — f] iX r] TU ), anti-symmetric part leads to 

= % \Ac x ^ tvX x 2 - (4cie^V + Ac 1 e <;pvX x T + (k 2 - k 4 )e iTpx x u + (k 5 - k 3 )e qTUp x x )x p ) 
+ (4ci - k 2 + k 4 )x' ; x u ri XT + (4c x + k 3 - k f) )x T x x if v - (4ci + k 3 - k$)x q x x rf v 
-(4ci - k 2 + k 4 )x T x v if x 

(B.ll) 

Considering the case when ^, r, i/, A are all different gives 

= 4 Cl -k 2 + k 4 = A Cl + k 3 -k 5 (B.12) 
and so eq. ( |B.11| ) becomes 

Cl {(e pTvX x< + e ;puX x T + e^'V + e ?T ^x A )x p - e ?Ti/ V} = (B.13) 
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which holds automatically regardless of the value of c\. 



For # 2 #-term. 

Direct calculation gives 

= (4Jfei + I2k 3 )x u x x x ■ a 

-(ki + k 2 + 3k 3 + k 4 + k 5 + 4k 6 + 4k 7 )(x u a x + x x o v )x 2 

+ (k 2 + h + 3k 4 + h + 4k 6 + \2k 7 )rj uX x ■ ax 2 

+i(Ac 2 - 6ci -k 2 + k 3 + k A -k 5 - 4k 6 + Ak 7 )e vXKp x K o p x 2 
Various choices of is, \,x u ,x x can confirm that each term should vanish, hence 

= ki + 3k 3 

= k 2 + k 4 + k 5 + 4/c 6 + Ak 7 

= k 2 + k 3 + 3fc 4 + k 5 + Ak 6 + 12k 7 



(B.14) 



(B.15) 



= 4c 2 - 6ci - k 2 + k 3 + k A - k 5 - Ak 6 + Ak 7 
the solution of eq s . (|B . 6| , [B . 1 0j , [B~T2| , [B . 1 5| ) may be written in terms of two parameters, c, d 
c\ — c c 2 = ~c k\ = —12d k 2 = —6d k 3 = 4d 

k A = —4c — 6d k$ = 4c + Ad k§ = — c + d k 7 = c + d 



(B.16) 



which determines the three-point function of conserved supervector fields as eq.( |4.64| ). Now 
we will show that the "weak" conservation condition ( 4.63|) actually implies the "strong" 
one (|4.68|) . By the transformation rule for <9 M (|2.51 ), the "weak" conservation condition is 
equivalent to 



2(17 - 3)x 13K - + (4, + e 2 13 e 2 13 )r^ K ( Zl3 )( 



oe? dr 



dX 



+ 



H KuX (Z 3 



(x 2 + e§e>/* 



(B.17) 



30 



When 9i = 9i = 0, i = 1, 2, 3 , this equation becomes 



H KuX {Z 3 ) d H KvX {Z; 



2(3 - ^i3«^|^ = dJqJxIW- (R18) 

Left hand side is a function of £135X3 and right hand side is a function of X3. Hence for 
this equation to hold for any value of xi 3 ,X 3 , r\ should be 3. Hence eq. (|B.17| ) becomes 

<* + ^-MSfe - Sfe) } iirS^ (B19) 

(x? 3 + 0^)1-^^)^ is a function of x 13 , 13 , #i 3 # 2 and (x? 3 + ^^^-^(^^g ig 

a function of Xi 3 , 9i 3 , 9\ 3 9\ 3 . Thus each of the three terms appearing in eq. ( |B. 19|) should be 
zero and so 

°= vTS*» (R2o) 

T-/ KuX (z) 

° = ^ 2 + ^ )3/2 (B.22) 

Nevertheless eq. (p.22j ) is just the "strong" conservation equation. The other two equations 
can be obtained from eq.( |B.22| ) by taking its complex conjugate and using {d~, d£} = 2id a a- 
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